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VII Taylor Approximation VII.1

VII Taylor Approximation

VIIL.A L’Hospital’s Rule

Assume f and g are functions defined near some ¢ € R. If lim f(z) and lim g(z) exist and lim g(z) # 0,
then one has i

o f@) 2 @)

im == )
v—ag(x) - lim g(z)

“the limit of a quotient is the quotient of the limits — provided the limit of the denominator is
not zero.”

What about a limit like lin%) Si%? If one tries to take limits separately in numerator and denominator one
r—
0

ends up with an indeterminate form [6] which means that both numerator and denominator tend to 0

with x — 0. L’Hospital’s rule sometimes allows one to determine limits of such indeterminate forms by
differentiation.

In the example at hand it says

sinz iLO(Sm z) ;IE}) COST  cos0 1
1m = - = . = = — = 17
z—0 T lim (z)’ hn%) 1 1 1

x—0 T—

so we obtain the limit by taking the quotient of the limits of the derivatives of numerator and denominator.

The precise formulation is the following.

Theorem: ('Hospital’s rule for [?—)]) Let f,g be functions and a € R. If

(i) f and g are differentiable in some interval (@ — h,a + h) with A > 0, and

(ii) lim f(z) =0 and lim g(z) =0, and
(iii) lim g:gi; exists (allowing the limits +o0o or —oc0),

T—a

then the limit lim % exists as well and

r—a

f@) @) -

lim —* = lim .
r—a g(m) T—a g’(;c)

The rule works also for limits of the indeterminate form [%}

x

Theorem (I'Hospital for [22]): If f and g are functions that satisfy (i) and (iii) above together with
(ii") lim |f(z)| = oo and lim |g(z)| = oo,

then

@) f)
2 g(e) T e () -
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To repeat it: 1’'Hospital’s rule works for those indeterminate forms where either both numerator and de-
nominator tend to 0 or both tend to oo.

Either form of I’'Hospital’s rule works for limits at inﬁnity7 lim % or lim L& E ; as well as for one-sided

Tr——00

limits. In each case, condition (i) has to be adopted correspondmgly For example,

f@) _ o 1)

z—too g(z) =0 g'(2)

if (i) f and g are differentiable on some interval (b, o), i.e. “close to +00”; (ii) 11111 flz)=0= hIE g(x)
f'(x)

or mEI«lr»loo |f(z)] =00 = ;cgrfoo lg(x)| and (iii) IETOO 77l exists.

There are other indeterminate forms:
1. lim zlnz is of the form [0 - oo],
z—0+

2. lim+ 2% is of the form [0°],
z—0

3. lim (1 — %)% is of the form [1°°],

T— 00

4. lim (e — 53@)1/30 is of the form [00?],

Tr—00

5. lin%) (L —=12) js of the form [oo — oo].

These indeterminate forms can usually be reduced to one of the forms [%} or [%]

Example 1. 1im+ zlnz , (form [0 - 00]),
r—0

= Jm e (j0-od — |¥] = [2])
(1

1
x

= lim —& H. for [2];(Inz) = 1; (%)/:—i>,

ZL’~>O+ - z2

= lim+(—x) =0 , (this last limit clearly exists!).
r—0
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Example 2. lir(r)lJr x”® , (form [0]),
— : zlnz 0 0-ln0 [0-00]
Jm (0] [ ),
lim (zlnx im f(x
= ev—0 ( ) , (as e* is continuous and so lim ef(*) = ei—mf( )) ,
= =1 , (by Example 1.).
Example 3. lim (1-— %)31; , (form [1°°]),
— lim esmln(k%) 7([100] _ [eoo-lnl] R e[oo~0])’
im (3zln(1—2
= ewlﬂw(3 In(1=2)) , (by continuity of e* again),
= 6_6’
as
. 2 . ln(lfg) 0
xhﬂrr;o 3zln(1—-2) = 3:vll>nc}o —T , (form [5])
= 3limM ,(set 1 =2)
z—0t
o . —2/(1—22 ) 0
= 3 lim =2/(1-22) , ('H. for [2])
= 32111& =2 — 6
Example 4. lim (e3* — 5x)1/x , (form [00?]),
- lim 6%111(63%751:) ’ ([OOO] N [eolnoo} N 6[0~oo]) ,
lim <1n(e31—5z)>
= e ‘ ,  (continuity of e?),
= 63
as
1 3z __ = 3z _
i (=5 [E] 3¢ -5
r—00 x — 00 633 — bx
[i] lim 33 3e™
z—o0 33 — §
==} . Qp3T 2
Bl 397y 2

x—00 3 - 363w z—oo 9
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Example 5. }1_1)% (L —=nz)  (form [oo — o)),
= lim Z=sipe , (common denominator — [3]),
= lim Lger ,('H. for [2]),
- ili% % , ('H. for [%] again),
— =m0 _g,

2

VIIL.B Taylor Polynomials

If we want to approximate a function f(x) by a constant near © = a we use the constant approximation

Ao(z) = lim f(xz) (= f(a)if f is continuous at a).
r—a
If we want to approximate by a linear function near x = a we use the linear approximation

Ai(x) = f(a)+ f'(a)(x —a). (given by the tangent line to the graph at z = a)
Note that the linear approximation is only defined if f is differentiable at x = a!

Clearly, Ag(x) is a polynomial of degree (at most) 0 in x, whereas A;(z) is a polynomial of degree (at most)
1in z.

These are approximating polynomials of degree 0 and degree 1. Now we introduce approximating polynomials
of higher degree.

If f is a function defined near a € R, i.e. on an open interval (a — v, a+~) with v > 0, we want to find those
polynomials P, (z) which approximate f best.

What do we mean by best approximation at a?

Definition: A polynomial P, (z) that is either the zero polynomial or of degree at most n is an n'* order
approzimation of f at a iff

lim L& = Pal@) _

r—a ((p — a)n
If such a polynomial exists, it is also called the n*™® Taylor polynomial of f at a.

Note: To avoid having to single out the zero polynomial all the time, we will make the convention that
deg 0 = —o0, so that “deg P < n” includes the zero polynomial.

Before we establish the existence of Taylor polynomials we show that they are unique. This relies upon the
following simple Lemma on polynomials:

Lemma: Suppose P(x) is a polynomial of degree at most n (including the possibility that P(x) = 0).

Then for a real number a € R, lim (tp_(ign =0iff P(x) =0.

Proof. 1f P(z) # 0, we can write P(z) = (x — a)™Q(z), where Q(z) is a polynomial with deg Q@ <n—m

and Q(a) # 0. But then (f_(zgn = (Iz:g)_z)%(x) = (xi()i)*m with n —m > 0, and
lim P(x) lim Q(z) [ does not exist forn—m >0
d—a (x—a)"  a—a(x—a)vm | Qa)#0 forn —m =0.

Thus we never get zero as a limit unless P is the zero polynomial! O



VII.B Taylor Polynomials VII.5

Now we can prove uniqueness of Taylor polynomials:

Proposition: If n > 0 is an integer and f(z) is a function defined on (a — h,a + h) for some h > 0, then
there is at most one polynomial P, (z) such that

(1) deg P,(x) <0 (including the possibility P,, = 0!)
(2) lim L@=Pa@) _ g

r—a (;c—a)"

Proof. Assume there were two polynomials P, (z), @Q,(x) satisfying (1) and (2). Then, by (1), deg (P, —
Q®n) < n, allowing again for P, = @Q,! Also, by (2),

0=0-0 = Ilm

T—a (,1: — a)” z—a (3;‘ — a)”

= lim (f(@) = @u(x)) — (f(z) — Pa(z))

r—a (x — a)”

o Pal@) = Qule)

T—a (x — a)”
Thus, by the Lemma, P,, — @,, is the zero polynomial, and P,(z) = Q,(x) as desired. O

th

Note: If we want to explicitly mention f, we write PJ for the n*" Taylor polynomial of f.

What is the use of the Taylor polynomial — if it then exists?

lim f(“a:—fg’(z) =0 implies that
for every € > 0, |W‘ <e€ on some interval (a — d,a + ) with § > 0.

Thus, on this interval
|f(z) — Po(x)| <elz —a|® <ed™

and P,(x) is a good approximation for f(x) near a.

Now let us consider existence:

e for n =0, we are looking for a constant ¢ € R (a polynomial of degree < 0!) such that

But this means lim f(z) = ¢, in other words, the limit of f(x) for z — a has to exist which happens

r—a

iff f is continuous at a. (More precisely, f can be made continuous at a by declaring f(a) = c.)
e for n =1, we are looking for a linear polynomial P;(z) = ay + a1(z — a) such that

f(x) —ag—ai(z —a)

lim =0,
r—a Tr—a
or, put differently,
lim M = lim M =a,

T—a T —a t—a T —a

so the limit of % has to exist for  — a. But this means that
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(a) lim (f(xz) —ap) =0, i.e. fis continuous at a, and f(a) = ap is the continuous extension of f at
r—a
a,

(b) lim f(‘”) f(a) exists, i.e. f is differentiable at a, and

r—a

(©) f'(a) = lim =10 —

r—a

In short, if the first Taylor polynomial exists, it is necessarily of the form
Pi(x) = f(a) + f'(a)(z — a),

the linear approximation to f at a.
To repeat it:

e Py(z) = f(a) is the constant approzimation to f at a,
e Pi(z) = f(a) + f'(a)(z — a) is the linear approxzimation to f at a, whose graph is the tangent line to
the graph of f at (a, f(a)).

The uniqueness has the following useful consequences that show how to manipulate Taylor polynomials:

Corollary:

(i) If Py(2) = g +a1(x —a) + - -+ a,(z — a)™ is the n*® Taylor polynomial for f at a, then P, _(x) =
ap+ai(z—a)+ -+ a,_1(xr —a)" ! is the (n — 1)** Taylor polynomial for f at a.

(“Dropping the term with 2™ yields the previous Taylor polynomial”).

(ii) If f is differentiable near a and P, its n*® Taylor polynomial at a, whereas Q,,_1 is the (n —1)** Taylor
polynomial for f’ at a, then

(a) Pulx /in
(b) Pi(x) = Qur(a

(“Taylor polynomials of (anti-)derivatives are the (anti-)derivatives of the Taylor polynomials”).

(iii) If f has n*® Taylor polynomial P, and g has n'" Taylor polynomial Q,,, then

af + By by, + 6Qn
af — Bg has nt* Taylor polynomial ab, — 6Q,
f'g (Pn'Qn)gny

where (P)<, means to take the polynomial and to drop all terms involving (z — a)™ with m > n.

(iv) If f(a) = 0 and P, (x) is the n'" Taylor polynomial of f at a, then P,(a) = 0 and Z”T(? is the (n— 1)t

Taylor polynomial for f (I)

Proof.
(i) We have to show lim W = 0. But
lim L=t () = fim SEO=(Pelt) a0t (by definition of P,_;(z))
— 1 (z=a)(f ()= Pn(x)) (z—a)"
- ‘%Er}l |: (z—a)(z—a)n—1 +an (m—a)"*1:|
= lim (z — a) lim (%) + ap lim (z — a) (as all 3 limits exist)

=0-0+0.
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(ii) In case (a), P,(0) = f(a) and P} (z) = Qn—1(x) by the Fundamental Theorem of Calculus. Now use
I’Hospital’s rule:

i F@) = Pa@) 01 | @) = Qual@) _ 1 (@) = Quoala) _

)
z—a (z—a)® z—a n(x—a)"

as Qn_1 is the (n — 1) Taylor polynomial for f’(z) at a.

In case (b), observe that necessarily P,(a) = f,(a) as otherwise ;13; % could not possibly
exist. Now
0 = lim % (assumption, as P, (x) is n*® Taylor polynomial for f at a)
r—a
= lim % (by 'Hospital’s rule)
_ 1 L @=P (@)
= lim (e—a)n—T

and thus lim =0. Asdeg P/ (z) < n—1, P! () is necessarily the (n—1)%" Taylor polynomial

Tr—a

for f'(z) at a.

f (@) =Py (x)
z—a)r—1
(i) & (iv) You check it.

VII.C Taylor’s Formula

Now we establish

Taylor’s Theorem (without remainder): Assume n > 0 is an integer and f(z) is n times differentiable at
a. (In particular, f(z) and its derivatives upto f(»~1)(z) are defined near a, whereas f(® is defined at least
at a.) Then

f'(a)

1!

() (g
1)

n!

Po(z) = f(a) +

is the n'" Taylor polynomial of f at a.

(x_a)+...+

Proof. Observe that for 0 < i < n, P\” (a) = f@(a) and that pm (z) = f™(a). Now use I'Hospital’s rule:

- Pn ! - P,
lim f@) = Pulz) = lim flw) = Pu(w) =...= (the dots “...” are for induction!)
T—a (a’; — a)" T—a n(;(; — a)”—l

S V(@) = PV (a) S0 (@) = (S (a) + f0 (@) — a))

= 1' = 1'
g n(n—1)---2(x —a) s nl(z —a)
1 (n—1) _ f(n—1) 1
n! z—a T—a n!
Notice that I’'Hospital’s rule applies each time as
lim (/9(2) = PP (@) = /9 (a) = P (@) = 0. O

In general, P,(z) is that polynomial of degree at most n that fits the graph of f best among all those
polynomials at (a, f(a)).
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Example. Conversely, the graph of f tells us something about the Taylor polynomials.
If P, = a+ fB(z —a)+~(z — a)? is the second Taylor polynomial then o = f(a), 3 = f'(a) and v = 5 f”(a).

Thus
a>0 iff f(a)>0, ie. the graph is above the z—axis,

B3>0 iff f'(a) >0, 1ie. the graph increases at a,

v<0 iff f”(a) <0, ie. the graph is concave down at a,
the approximating parabola open downwards.

How can we find the Taylor polynomials of a given function?
Examples.
By direct computation:

1. f(z)=e", fO(z) =e® thus:
f@(0) =1 for every i > 0 and the n'* Taylor polynomial at a = 0 is

.’E2 n
Poo)=1+a+5r+-+
2. f(z)=sinz, a =0,
fU) (z) = sinz FE(0) =0
fEHD (2) = cosx fEFD ) =1
fWH2(z) = —sinx f@E20) =0
f(4’+3)(3c) = —cosx fEE3(0) = -1
and /)
A n/2 2i+1
P,(z) = YT 4= i
@ =e—grty =t ;( ey

By using the uniqueness and the above Corollary:

3. f(x) =22 g =0. From 2. and Corollary (iv) above:

x )

[n/2] ;
Psmx(m) .’L‘2 .’L‘4 . xQ’L
p! —n T T o it

Note: You do not need to calculate (Si%)(l) |w:0 which is a mess at best!

t
4. f(z) = Si(z) = / SH; dt, the sine-integral. The n*® Taylor polynomial at a = 0 is
0

P (x)

T t2 t4
— = dt , by Corollary (ii)
/O ( 3! 5! )

sint

7~ as just seen

Taylor polynomial for
3 25 Ln/2] ' 220+
_ _ et = 1) .

TTya Ty T ZZ:;( ST
So we can easily find the Taylor polynomials for Si(z), although the definition of that function looks
complicated at first!
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Now we use the Taylor polynomials to find a limit:

5. Find lin}) % if it exists.
xr—

As lim M = 0 by definition, we get

z—0

hrn —_— = hm
x—0 .’133 x—0

Si(z) — x , (Si(m) —a  Si() 3P3(x))

T () SR S
x—0 $3 x—0 .’1,‘3

B 1

3.3 18"

Thus the limit exists and equals _ﬁ

VII.D The Remainder in Taylor’s Formula

We think of P, (z) as an approximation to f(z) and we write

f(z) = Py (z) +  En()

approximation error

This error is sometimes called the remainder because it is what is left over after the approximation is taken
away from f(x).

Whenever we talk about “approximations”, we need to control the error! For the Taylor polynomials there
are two ways: through an integral or through a derivative.

Taylor’s Theorem with remainder: Assume that f can be differentiated (n + 1) times on an interval
[b, ] containing a, and that f("*+1) is continuous there. Then the error term

"(a ") (a
Bua) = @) - Pae) = 5(0) = (1) + P -y oot Do)

satisfies

(1) (Integral formula) / F (¢ ) dt for all x € [b,d].

(2) (Lagrange’s form) FE,(z) = %( —a)"*! for some z between a and .

Proof of the integral formula for E,(x): The proof is by induction on n.

We consider first the case n = 1 and assume f”(x) exists and is continuous in an interval [b, ¢] containing a.
Now fix z € [b, c]. By the FTC,
a) = / Pyt

+ /x 1 (t)dt. (1)

Therefore
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x
Now we use integration by parts on / f(t)dt
u= f'(t) dv = dt

du = f"(t)dt v=t—x

Note that we are entitled to choose any v such that dv = dt; it turns out to be convenient to chose t — x
instead of t.

Integration by parts gives

/f’(t)dt = /udv:uv‘ —/ vdu
a a a a

Substituting this back in (1) gives

f@) = @+ f@e-a+ | P — e

We have thus derived the
integral formula for E(z):

= [ zeb

Integral formula for E,(x): Assume that f can be differentiated n + 1 times in an interval [b, | containing
a and that £+ (z) is continuous. We shall derive the integral formula for E,(z):

/ £ (@) ) ~——dt, z€[b.

Now we carry out the induction on n. We have already derived the formula for E;(z). We assume that for

some n > 2 .
™) (¢ ="
/ O =

Apply integration by parts with

u= f(t) dv = (zént)l), dt
du = f+D(t)dt v ==

Thus
t=x t=x

— / vdu
t=a t=a

t=x t=x _ \n
[,
t=a t=a ’I’L'

E,_1(z) = / uwdv = uv
a
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and so

(M) (q * x—t)"
En1(x) = LAl >(:1c—a)"+/ f<”+1>(t)(7t)dt. (2)

n! n!

But now we may write

f(x)

fn-1(x) + Ep-1(z)

§0=)
(n—1)!

fla)+ f(a)(z —a)+ -+ (z—a)" "+ Ep1().

Substitute formula (2) for E,,_1(z):

(n—1) a (n) a T r— )"
f(:l:) = f(a) + -+ f(n—l()') xr — a)"fl + ! n!( )(1; — a)" +/a f(nJrl)(t)%dt
=+ [ et La
In other words,
Bu0) = 1@~ fule) = [ 1000 v e .

Proof of Lagrange’s formula for E,(xz):  We assume f(z) has n+1 derivatives in an interval [b, ¢| containing
a and that f("+1)(2) is continuous in [b, ¢]. Fix 2 > a. By the EVT, f("*1) takes on an absolute minimum
and an absolute maximum on [a, z]. Let m, 1 be the absolute minimum of £+ (¢) on [a,z] and let M, 4,
be the absolute maximum of ("1 (¢) on [a,z]. Then

Myt < f("+1)(t) < M,y forallt€ [a,z] (3)

Also, by the IVT, f(*+1)(¢) assumes every value between m,,;; and M, as t ranges from a to .

Now for ¢ € [a, x], the difference 2 — ¢ is positive. Thus we can multiply (3) by (w;—f)n without changing the
inequalities:

_ t)"
n!

(z—t) (2=t

< f(n+1)(t) < Myiq —

Mnp+4+1 n'

Integrating this we get

/mn+1($;!t) dtf/ f(”'H)(t)MdtS/ Mn+1(x_t) dt.

n! n!

The middle term is exactly E, (x). The left and right hand terms can be evaluated explicitly; they are equal

z—a)" ! z—a)"t?!
to mn_H% and Mn-i-lﬁ' Thus
(x —a)"*? (x —a)"t!
n — < En S Mn
Moo < Enl®) 1)
Therefore 1
m71+1 S (n i ) E (SC) § Mn+1~

(l‘ _ a)7z+1 n

In other words, (x(f:)l,?il E,(z) is a value between m,, 1 and M, 1, and so it is equal to f(**+1(z) for some

z € (a,x):

%En(@ = ™D (2),  some z € (a,z).



VILE Applications of Taylor’s Formula VII.12

This also works for x < a and so cross multiplying we get

Lagrange’s formula for E, (x):

(I A,Q)n+1 (nt1)
Wf (2), some z between a and . 0

E,(z)=
In particular, if K, .1 > |f"+1)(2)] for all z € [b, ] then
|x__(ﬂn+1

| By ()] < NCESVE

Kp41, z€[bcl.
Remark 1. Notice that if we are in a small interval about a, say [a — h,a + h] with A < 1, then
hn+1
|En(ﬂf)| S mKn_Arl, T € [a—h,a—kh].
If all the K}’s are < some constant C' then

hn+1
for all n, |E,(x)] <

_mc, xE[a—h,a—Fh].

As n gets large, h"t! — 0, m — 0 and so |E,(z)| — 0 very quickly. Thus in this case f,(x) becomes a
better and better approximation to f(z) as n — oo.

Remark 2. When n = 0 Lagrange’s formula says

fx) = fla) = (x —a)f'(2), some z between a and z,
and this is the MVT.
When n = 1 Lagrange’s formula says

/ (CL’ - a)2 "
f(z) = fla) = f(a)(x —a) = Tf (z), some z between a and z,

and this is the EMVT.

Thus the Lagrange formula is a “super” generalized mean value theorem.

VIL.E Applications of Taylor’s Formula
VIL.E.1 PHospital’s Rule Revisited

Proposition: Let f, g be functions defined near a. Assume that f has n*® Taylor polynomial P, at a and
that g has n*" Taylor polynomial Q,, at a.

If @,, is not the zero polynomial, then

f(z)

lim ——= = lim Pn(2)

v=a g(z)  w=a Qn()
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Proof: Write the Taylor polynomial @,, of g as
Qn(x)=by+bi(x—a)+ - +by(x—a)".

As @, is not the zero polynomial, there is a smallest index m < n such that b, # 0. Accordingly,

_@nlz) =bm + bmt1(z —a) + -+ bu(z —a)"™"

(x—a)m
is again a polynomial and lim (g_g) = b,, # 0. Now write
Ef
f(x) = Py(x) + Ef(x) with lim En(@) =0

z—a (x — a)”

and
9() = Qu(e) + F(z) with lim )

T—a (l‘ — a)” - O’
where Ef, E9 are thus the error terms in the n*® Taylor approximation. Then

f@) L Pal@)+ EfG)

lim 222 —

T—a g($) wlir‘ll m

Po(x) 4 Ej(x)

= lim (27((13):; (2;,(1;;n ,with m < n as above,
(:E*a)m' + (:E;a)m,
lim ( Pu(e) | Bl )
r—a (a;_a)m (x_a)m
3 Qn () B} (x) ’
lhir(ll ((Ifa)”l + (Ifa)”l)

as the limit in the denominator exists and is not zero — indeed, it equals b,,,

lim (Pn(f))
_ z—a \T70 " 1 E,{(m) T Ef(xz) _
= G 2 Im o = limgzym =0,

Ilii)r(ll (x—a)™

IRT Pn(x)
= )

Example. Find lim wng;gom
fI/'_’O sSim< T

sinz = x + Fy(x), as Pa(x) = x is the 2" Taylor polynomial of sin z,

3(sinz)? = 322 + F»(z), by Corollary (iii), from VILB.

Thus Q2(z) = 322 is the second Taylor polynomial of the denominator and limo ch—(f) =3 #0. To apply the

proposition we need hence the second Taylor polynomial of the numerator:

cos2x =1 — (2;!)2 + ESOSQm(x),

coshr=1— (523”!)2 + E5955% (),

and so
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cos 2z —cos hr = — (2;) (”) +Ey(z) = 2%+ Es(z), whence Ps(z) = 2Lz is the second Taylor polynomial

of the numerator. Finally,

. Ccos2x — cosbHx Py(x) . %x2 21 7
lim — = lim = == =_,
=0  3sin“z 700 Q2(x) =0 3a? 6 2

VIIL.E.2 Approximating in a Given Interval

Here we are given a function f(z) in [b,¢] and a point a € [b,¢|, and we want to find an n such that the
Taylor polynomial of f at a, P,(z), approximates f(z) to a given accuracy in [b, ¢].

Example. Find an n so that when f(x) = e” and a = 0, P,(z) approximates f(z) in [—1,1] with an error
of at most 1075,

We are trying to find n so that
|En(2)] <107°, z e [-1,1].
We know by Lagrange’s form of the remainder that for some z between 0 and z:

n+1
(n+ 1)

e

|En(2)| = m7

< it x € [~1,1].

So we want to choose n so that sl < 107°; i.e. so that

ey
(n+1)! > 10%.
Now 8! = 40320 > 10°e = 27828. Thus we choose n = 7 and conclude that P;(z) will do:

2 {ES {E4 {E5 {EG 1.7

X
~1 riryrr T T 11
vl ort st oyt P taoagr TEL

with an error of at most 1075.

sint
Example. Find a polynomial that approximates the sine-integral Si(x / —— dt with an error of at
most 1074 on [-2,2].

Solution: Start from sinz: We try to find a suitable Taylor polynomial of Si(z) at a = 0.

|sinz — }/ sin™ Y (z dt| (by the integral form of the remainder),

n+1
}/‘ d\—!n+1ﬂ~ (as [sin" D (2)] < 1),

(This estimate works also with Lagrange’s form). Thus

sinz P, (z) < " clear for x #0; at . =0
x T “'(n+1)! use continuity of both sides! |’
~——

(n—1)st TP for sinz
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and so
| / it Qu) | = | / 2P (1) | dt| |, (by Corollary VILB, (if)),
0 t —— 0 t ——
nth TP for Si(x) :Pnr(t)

IN

Tosint  Pp(t
/ ’51;1 _ t( ) ’ dt (triangle inequality for Riemann sums)
0

x xn l.n-&-l
——ldt = |———|.
| = o o
This shows that on [—2,2] we have

anrl 2n+1

i@ = @)= G el S mr e

Now 210 = 1024, 10! ~ 3.6 x 10¢ = % ~ % < 107%, and so the 9" Taylor polynomial of Si(z) at 0
will do:

1’3 {ITS (E7 (Eg
5.3 5.5 7.7 9.0

Si(x) ~ Qg(x) =x —
with an error of at most 10~% on [-2,2].

If you want to use Taylor’s formula directly, you are required to bound Si(™)(z) — a very unpleasant task!

VIL.E.3 Binomial Theorem, Taylor’s Version

The Taylor polynomials of f(*) = (1+ )P, p any real number, play an important role. One has

~1
(1+9€)p=1+p$+1¥m2+~-+ —

p(p_1)”.(p_n+1)x”+En($).

The n't derivative of f(z) is
f @) =1+ )™ =plp 1) (p—n+ DA+ 2P,
as one verifies by induction on n; see also Example 8 in I.C. Thus
F0)=pp—1)---(p—n+1)

and the result follows from Taylor’s theorem.

(1—12?+ ha'+By)—(1- 12— La'+Ey)
Z4

— —r2 .
COS T z\4/1 22 _ 1im

Example. lim
z—0 x—0



